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Departamento de Fisica
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Recently G.- Cocconi performed measurements on the
absorption of ionizing PSPR * ( which are believed to
be protonz ) in Pb, Fe, C,'and air(l)o He finds that
this absorption is not exponential in the condensed ab-
sorbers and that the mean range of the ionizing PSPR
in the atmosphere increases with the lead thickness above
the penetrating shower detector. These results are not
compatible with an exponential absorption of the PSPR
which was verified by Tinlot and Gregory(Z)in Pb and Fe
and by Wataghin(B) and Tinlot(u)”in the atmosphere.

The fundamental difference between the experimental
arrangement of Cocconi and those of the other authors, is
that a proton of the PSPR appears as absorbed in any

mater%al situated in position 2. ( fig. 1 of Cocconi's
1

paper ) 4, not only when it generates a penetrating shower,

but also when it emerges from 7 in the form of a neutrone

Let us discuss Cocconi's results by'taking into
account the phenomenon described above. We shall make the

* We use the abbreviation PSPR for Penetrating Shower
Preducing Radiation.
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following hypothesis : 1) The absorption of nucleons

_through production of penetrating showers is exponential

in 211 materials and is independent of their charge as
well as of the altitude of the point of observation.
2) The probability of a transformation of a proton into
a neutron is equal to that of the reverse process. 3) At
BEcho Lake ( 708 gr.cm"a ) the number of protons is al-
ready equal to the number of neutrons in the PSPR. Indeed
if this were not so, Cocconi should have found a mean
range for the ionizing PSPR in the atmosphere ( without any
absorber above the detector ) smaller than the mean range
of the total PSPR determ$ned by Wataghin and Tinlot. Thus
varying the absorber thickness at position 7' in Cocconi's
experiments 1 and the absorber thickness in the arrange-
ment of Tinldt and Gregory(a) s 1t is only necessary to
consider the exponential absorption due to the production
of penetrating showers. :

Following this interpretation one deduces easily
from Cocconi's measurements the values of the mean range
A for the ¥EX production of penetrating showers in

. different absorbers:

Ap, = 3U5 + 37 gr.-cm"'2

Am = 20+ 27 .
A¢ =100t12 "
’\a??' = 113 + T "

in good agreement with the values given b¥ other workers(z’B’u).
A short calculation yields for the mean range /M for charge

exchange the values
Mo, = 247 + 61 gr.oem™2

“ Fe = 300 s 121 n

at Echo Lake ( 708 gr.cm’z Yo For n1. we obtain a largef
value than the preceding ones, but the statistical errors
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are too important to allow a precise determination. How-
ever this result is not surprising since charge exchange
and showerg production are cpmpetitive processes. It is
then reasonable to expect that M should increase if A
decreases. At Ithaca ( 1007 gr.cm” 2y v 1s found to be
several times larger, but a precise determination is im-
possible.

We see that the exchange properties of the PSPR
explain Cocconi's results consistently with the results
of other authors. On the other hand we wish to point out
that the energy loss of the protons by ioniz&&ion has been
neglected, and this might not be very accurabb in the case
of the rather low energy events recorded by Crocconi(1
and by Tinlot and Gregory(Z) . However we thipk that this
factor could at most alter somewhat the numerical values
of the mean ranges(b) ° '

(1) Geo Coceconi, Phys.Reve J5, 1074, 1949. We are indebted

to Professor Cocconi for having commnicatéd to us
his results before publication.

(2) J.Tinlot and B.Gregory, Physe.Rev. IS, 519, l9h9.

(3) G. Wataghin, Phys.Rev. 71, L53, 1947. /

(4) J. Tinlot, Phys.Rev. ZU, 1197, 1948. /

(5) A more complete account will appear in the Anais da
Acad .Bras.de Cienc.

|
S80 Paulo, May 18, 1949.
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It is generally admitted that the particles constitu-
ting the PSPR * are energetic nucleons. The nucleons are be-
lieved to interact by means of exchange-forces. As a con-
sequence, in a proton-neutron scattering, the nucleons may

exéLange their charges. Th? same should happen if the proton
(1 :
collides with a nucleus. o This phenomenon has already been

confirmed by neutron-proton scat?aring experiments made with
. (2), A
the 184" cyclotron,d% Berkeley . We should expect a simi-~

lar exchange with® the nucleons of cosmie radiation, in par-

ticular with the PSPR which consist at sea-level of protons
and neutrona(S). o f

On the basgis of tﬁese remarks, we sha%l discuss somé're~
cent expeéimenta on ionizing PSPR by Coccoqé:4) to whom we are

— A
* We use the abbreviations rs for Penetrating Shower and PSPR

for Penetrating Shower-Producing Radiation.



2
deeply indebzeﬁfi for having comxrmnicatedhus his results before
publication. Cocconi's experiments consis»ted in measuring the ab-
sorption of the ionizing PSPR in various materials, such as lead,
iron, carbon and the at;;éé;ere. He finds that the absorption is

not an exponential ome in the condensed absorbers. For the ab-

sorption in the atmosphere, he Tinds the surprisdng result that[
MG

the mean range of the ionizing PSPR increasges with the absorber

thickness above the counters. This result is ngf compatibZe with
an exponentlu absorptlon for the PSPR in the atmosphere, which
wa, bt'e—véd by Tj:ﬁ((A W,,’(uw “ *P'«J’»V; »';3 Towds H 44

The fundamental difference between the mxperimental arrange-
ment of Coccomi and those of all the other authors, is that the
PSPR must discharge one counter of each tray A and E ( wee figure 1
in Cocconi's paper(4)) , before giving rise to a P8 detected by

coincidences of the trays B, C, and D . In Cocconi's arrangement

a proton of the PSPR appears as absorb d in any Mm situa-

" ted in position Z , not only when it gives rise to a PS but also

when it emerges fghﬁm the form of a neutron, even if this

» : ' 7
neutron is itself able to generate a PS. In Y it is only necessa-

ry to consider the abeorption due to the produc.tion of P8, if

we adﬁit in a rea.sonable approximation, that the ratio of ioni-
¢

zing to non—ionizi,ng particleq is una.;terod By the absobber >

(see below)

'

We shall try to discuss Cocconi's reaults?aking into account
the phénomenon déscribed above. We shall make the ‘following hy-
potheses:
f‘“nr
a) The absorption of nucleons by the production 31' PS™s an ex-

ponential one in all materials and 18 independent of their charge.



i.
b) The probability of a transformation of a proton into a meutron
ig equal to that of the reverse process.
i -2
¢) At 708 gr.cm of barometric pressure (Echo}Lake), the number

of protons is already equal to the number of neutrons-‘in the PSFR.

Hypothesis a) is trustworthy since it has been verified W

/»u ¢ /%.w-n c'"_: e bAY

part of this hypotheg_}s seems reasonaole, since we can neglect
the Coulomb-forces at the involved energies. Hypothesis b) fellows
from the symmetry of the two processes. Hypothesis c¢) is verified
by experiment. In fadt, if the equilibrium between the ionizing
and the non-ionizing particles of the PSPR were not established
at 708 gr.cm 2, Cocconi should have found a mean range for the
ionizing PSPR in the atm&sPhere ( without any absorber above the
counters ); smaller than ﬁhé mean range for the total PSPR found
by Tinlot and others. _ ~

A ; 3 L “ ‘I dd l‘“t

Let us suppose that a beam ofVhucleons #meddes normally

upon an absorber. We call P(0) and N(0) the intensities of protons
anid. neutrons ' dimelon the absorber, and P(x) and N(x) the corres-

ponding intensities at the absorver thickness x. WB find readily

tlfal.)tzx) @P(O)#-Nlo) Plo) - N‘°) e_ax/f“] “ X/

(2)
—2x/m 9 =X/
(o -Nlo ]

N (x) = [ Heelo
where w& 6817 F ‘tHe ‘Hedn range of a nuél!&‘ﬁf & dharge exchange
am A the mean range for an absorption by meah®® of' denéfition dr

PS. In Cocconi's experiments equations (1) are somevwhat simplified

since we have N§O)= 0 because only protons 4 the coun-

ter-tray A, above the absorber 2., can be detected,
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The mean range k for the PS-production can be determined
by the measurements with different thicknesses of the absorber b3
maintaining the absorber thickness at = constant. In fa.ct by
hypothesis ¢) and by equations (1), we see that in Z
P(x') =N(x') , where x' is the thickness of the absorber Z'l.
Then the absorption law in Z iss s

g i) = Plo) e_"x/k

In this way we find at Echo Lake (708 gr.cm-:/’) with the measure-
ments of 284 and 605 gr.cm-:2 of lead and with the measurements
of iron and carbon |

-2
>‘Pb= 337 + 36 gr.cm

-

/\Fe-:. 240 + 27 gr/. cm
‘ f\c=1oo' saedh ks | he
With the same metlod we obtain at Ithaca ( 1007 gr.cm' )
APL'-'" 458 ".'188.Agz.'.<:m""'.2
,\C:ZO'? t 54 gr.cm‘z »
Now, we agsume that in a certain material /\ is the same at
different altitudes. Tinlot's experiments prove this argument
for the absorption of the PSPR in the a.tmosphere and Cocconi's
results with lead are consistent with it. However, the results
with carbon show a slight discrepancy which might be due to an
unfavourable fluctuation. We have wmilimm reasons to suppose that

———————— . 1T
o5 lie,
ting rate with 110 gr.em of carbon should isEe,. AuShymsaginmhem,

somewhat lower.Suxmnar:lsing Cocconi's measurements of the mean

%

‘ ,the coun=

ranges for the absorption by PS-production, we find that the

best values are



Aoy = 345537 groem™2

de. = 240£27 groom™
X = 10012 griem”2,

Having thus determined the mean ranges for the PS-production
by the ionizing PSPR in different materials, we shall calculate
the mean range_s for an exchange of charge. If the absorber is
situated in position & , the absorption law will be given hy
formula (1) which;( allows to determine s . We find at Echo Lake 3

/Lpb= 247 x 61 grocm-z
2

. .= 200+121 gr.cm
For M. we obtain a la.rger value than the preceding ones, but the
statistical errors are too important in—ewder to allow a precise
determination. This result is not.sgrprising, since charge ex-
change and PS-production are compe"t}‘ ve processes. It is then rea-
sonable to expect, that M should increase if A decreases.In parti-
cular this should be the case XHXEEXBRKNX with carbon, .
At I'bhaca we tlnd that {L is several times larger than at ~
Bcho Lake, but we Artior #etaimine dts valus accurately due to
the statisitical errors of the data. ‘
The mean range M thus obtained is only a sort of average
value over the mean ranges of all the protons with different
energies, but we can state that the protons have, in the mean,
a larger mean range for charge exchange at 260 m than at 3260 m.
We do not have much information about the charge exchange :
at high energies, but it is possible that we hdve an expla-
nation of the phenomenon if the cross-section for the charge
exchange varies rapidly with energy.
“With the absorption aw (1) for absotbei‘ﬁm 4
the mean range for PS-production in the atmos;here ie the same

d “(AD,U\.M,L%,V' {«(,(/w d",\(‘/éixf e | / b / A L'i {;; 0 /' [‘ (L(

\ y (
Mo - CECh, @ gemA  Homsta pte @



for different thicknesses of the absérber and has prec isely the
valuve ( 113 gr.cm"z) obtained by Cocconi without any ebsorber.
This value is in fair agreement with the results obtaimr d by
other authors.

Summarisingj we see that the transformatioﬁ of protons inteo
neutrons explains the whole of Cocconi's results whizh become,

| in this way,consistent with results of other workers. ng,»faoﬁ
] . -

| L) s?/f ¥ imc;,m‘.al evidence fg;'/the e character
b “3 o th eay/ for at bhdgh ene /é

(1) For details and references see H.A.Bethe and R.F.Bacher,
Rev.of Mod.Phys. 8, 83, § 15, 1936

(2) J.Hadley,C.Leith, H.York, E.Kelly and C.Wiegand,
Phys.Rev. 73, 541, 1948.

(3) Li:Janossy and G.D.Rochester, Phys.Rev. 64, 348, 1943
LeJanossy, "Cosmic Rays", Oxford Univ.Press, 1947, P 356.

(4) G.uocconi T Gore S re—eomic Ry ng

in<he v I‘hys.ev. v .'ﬂu ‘. o N
(5) JW. : ST, 1197, 1948,
» G- M/pv‘uj,éot'vt PrAL )4 L/Sj 19 5/).‘

| $$85 Paulo, February the 7th, 1949.
(o) T wlet '
(O L1 R,
Hovraner e W**I‘V lo ' 0«'”" of (eod it & MJ éu/‘-ln L\‘
((/utﬂ. af‘»‘ﬁw %\’J(({A'(,t/dtq lb{ fu//&%a / f[t(’
1’ (A u,_pw [)3 sl W‘q o Lk wly("’{' é/wi
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It is generally admitted that the particles consti~
tuting the PSPR * are energetic nucleons. The nucleons are
believed to interact by means of exchange forces. As a con-
sequence, in a proton-neutron scattering, the nucleons may
exchange their charges. The same should happen if the proton
collides with a nucleus‘l). mhis phenomenon has already been
confirmed by neutron - proton scattering experiments made
with the 184 " cyclotron at Berkeley(z). We should expect
a similar behaviour with the nucleons of cosmic radiation,
in particular with the PSPR which consists - Soeyal
of protons and neutrona(3). '

On the basis of these remarks, we shall discuss
some recent experiments on ionizing PSPR by Cocooni(4) to

* We use the abbreviations PS for Penetrating Shower and 4 ,
PSPR for Penetrating Shower -~ Producing Radiation.,



whom we are deeply indebted for having communicated to us
his results before publication. Cocconi's experiments con-
sisted in measuring the absorption of the ionizing PSFR
in various materials, such as lead, iron, carbon and air.
He finds that the absorption is not an exponential one in
the condensed absorbers. Tor the absorption in the atmosphere
he finds the surprising result that the mean range of the
ionizing PSPR increases with the lead thickness above the
counters. This result is not compabible with an exponential
absorption of the PSPR in the atmosphere, which was verified
by Wataghin(s) and by Tlnlot(s)

The fundamental difference between the experimental
arrangement of Cocconi and those of all the other authors
is that the PSFR must discharge one counter of each tray
A and E ( see figure 1 in Cocconi's paper(4) ), before
giving rise to a PS detected by coincidences of the trays
B, Cand D . In Cocconi's arrangement a proton of the PSPR
appears as absorbed in any material situated in position
S not only when it gives rise to a PS but also when it
emerges from & in the form of a neutron, even if this
neutron is itself able to generate a PS. In Z it is only
necessary to consider the absorption due to. the production
of PS, if we admit, in a reasonable approximation, that the
ratio of ionizing to non - ionizing particles is unaltered
by the absorber L ( see below ) .

We shall try to discuss Cocconi's results by taking
into account the phenomenon described above., We shall make
the following hypothesis: a) The absorption of nucleons throu
by—-the production of PS is an exponential one in all
materials and is independent of their charge. b) The proba-
bility of a transformation of a proton into a neutron is

equal to that of the reverse process. ¢) At 708 gr.cm"2 of



barometric pressure ( Lcho Lake ), the number of protons is
already equal to the number of neutrons in the PSPR. Hypo=-
thesis a) is trustworthy since it has been verified in the
particular case of the absorption of the PSPR in the atmosphere;
the second part of this hypothesis seems resspnable, since
we may neglect the Coulomb forces at the invoved energies,
Hypothesis b) follows from the symmetry of the two processes.
Hypothesis c¢) is verified by experiment. Indeed, if the
equilibrium between the ionizing and the non - ionizing par-
ticles of the P3PR were not established at 708 gr.cm’z,
Coceconi should have fofind a mean range for the ioniging PSPR
in the atmosphere ( without any absorber above the counters ) ,
smaller than the mean range for the total PSPR found by Tinlot
and others, ' ‘
Let us suppose that a beam of fast nucleons is dncident
normally upon an sbsorber. We call P(®)and N(o) tge intonsities
of protons and newtrons striking the absorber, and P(X)
and NU%) the corresponding intensities at the absorber thickness
X o We find readily that

- -2 X/} "
" ) o) + [ Pl9)- N[ €
?(x)-il{?l )+ Wig) + CPUI-H19] f »

~2X/K Ly
Ny 1 {No)q-. M(y) = [Pls)-Niv) e j <

where we call the mean range of a nucleon for & charge
exchange and A the mean range for an absorption by means of
generation of PS. In Coceoni's experiments equations (1)

are somewhat simplified since we have N0 )= 0 pecause oniy
protons striking the counter tray A, above the sbsorber I E
can be detected,



The mean range A‘for the PS - production may be
determined by the measurements with different thicknesses
of the apsorber ZE' maintaining the absorber thickness at

2{ constant. Indeed by hypothesis c¢) and by equations (1)
we see that in ¥ , P(X)s M(x), where X'is the thick-
" ness of the absorber Z' . Then the absorption law in 27
is given by : ] X'/l‘
p(x): Pio) e
| In this way we find at Bcho Take ( 708 gr.cm™° ) with
{ Cocconi's measurements of 284 and 605 gr.cm'2 of lead and

2

v : with the measurements of iron and carbon

“ An = 337+ 36 gr.em™2

P A . .
18N : AF. = 240t 27 gr.em™

[ 4 AC = 100 ¢ 12 gr.cm"z

) With the same method one obtains at Ithaca ( 1007 gr.cm™

(\Pb = 458% 188 gr.cm™>

2

£ )

A, =207+ 54 groem”

Now we assume that in any material A is the same at

different sltitudes. Tinlot's experiments prove this

assumption for the absorption of the PSPR in the atmosphere

and Cocconi's results with lead are consistent with it.

However, the results with carbon show a slight discrepancy

which might be due to an unfavourable fluctuation. We have
. reasons to suppose that at Ithaca the counting rate with

,}'\‘\ 110 gr.cnn"2 of carbon should lie somewhat lower.Summarising
|“ of \ 0 \
A TN Coceoni's measuremeh$s of the mean ranges for the absorption
T by PS - production, we find that the best values are i
| \ y \ ’ :
f 1L
! A
3 ! //1‘{‘
} AR
£, /i \ '



Ay = 345 % 37 groon™

Ap, = 240 * 27 greem™

AL =100 2 12 gr.em™

Having thus determined the mean ranges for the
PS - production by the ionizing PSPR in different materials,
we shall calculate the mean ranges for an exchange of charge.

" 1If the absorber is situated in positionZ , the absorption
‘law will be given by formula (1) which allows to determine

. One finds at Echo Lake

i =2
rLPb (= 247 & 61 gr.cm

i 300 ¢ 121 gr.om”>

e

For & we obtain a larger value than the preceding ones,

but the statistical errors are too important to allow a
precise determination. This . result is not surprising, since
charge exchange and PS - production are competitive processes.
It is then reasonable to expect, that 'A- should increase

if A decreases. In particular this should be the case with
carbon.

At Ithaca one finds that hb is several times larger
than at Bcho lake, but we cannot determine its value accu-
rately due to the statistical errors of the data.

The mean range M thiie obtained is only a sort of
average value over the mean ranges of all the protons with
different energies, but we can state that the protons have,
1#1 the mean, & larger mean range for charge exchange at :

260 m than at 3260 m of altitude, We do not have much infor-

mation about the charge exchange at high energies, but it

is possible that we have an explanation of the phenomenon

ﬁk:‘\"thi}\crou section for charge exchange varies rapidly
AN



with eneggy. However the order of magnitude of the cross
section ae;ms reasonable (l). |

With the absorption law (1) for absorbers located
at 2: the mean range for PS - production in the atmosphere
is the same for different thicknesses of the absorber and
has precisely the value ( 113 gr.c:m"2 ) obtained by Cocconi
without any absorber. This value is in fair agreement with
the results obtained by other authors.

Summarising, we see.that the transformation of protons
into neutrons explains the whole of Cocconi's results which
become, in this way, consistent with results of other
workers. However we wish to point out that we neglected in
the above discussions the mmepgy loss of the protons by
ionization. This might shange the numerical values of the
mean ranges but we do not think that our main comclusions
should be modified. Indeed it can be shown that Cocconi's
results cannot be explained on the basis of energy loss by
ionization. Thus it seems that Cocconi's experiments may
be interpreted as an indication for the exchange character
of nuclear forces @& very high energies.



(1) For details and references see H.A.Bethe and R.F.Bacher
Rev.of Mod.Phys. 8, 83, §15, 1936.

(2) J.Hadley, C.Leith, H.York, E.Kelly and C.Wiegand
Phys.Rev. 73, 541, 1948.

(3) L.Janossy and G.D.Rochester, Phys.Rev. 64, 348, 1943

L.Janossy, "Cosmic Rays", Oxford Univ.Press, 1947,p.356°v

(4) G.Cocconi, Phys.Rev. 75, n® 6, 1949.
G.%ataghin, Hlys.Re‘V‘. ? 453, 1947.
J.Tinlot, Fhys. Rev. T4, 1197, 13948

S8o0 Paulo, April 28, 1949.
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Arendice

Neste apendice ¢stlo expostos os mStodos estat{sticos
usados para a deternluagho da curva de absorg@o das pui:!euln que
atingem o contador E na experiencia III e¢ em particulsr para a 46-
terminagBo e para absorgio das partfeulas produzidas locals
mentes Vamos mostrar como nos utllizanos, do fato que slmultenea
_ mente com ag qn!nmm_'mmwhz, tanto pera a do-
me@mmmhwwamdommw
pode corhecer as quintuplas. ' '

Aprababim.&dpcmtadwxmatmmmrsa-
mm»mm ‘(eom gazolina) depende da espessura
um:mulcmdnmrmemmmqum
hmr-wmmmmqaoup’as .

: Pw'a*hd' (1)

onde ay by ¢y mgm&tm.cuo‘m Ly &

o celemy porcue P(x) é rroporcional & frequencia de quine
\mmmmmqwummm

© ¢elene corndbo sirmnte na aproximaclio que o contador B soja atine
ummmmum.ummm
mnwummmmmnwm).

()

T (01, o = 04595 & 0,028
UMY g = 2 4 000
Tgl15)/ M5 Og5l5 £ 0,029
T (20)/ My 0455k & 04027
W) = Ojizz & 0,029

uhl'h}cl‘w ‘nmt-mm:w

mh”:h%hnanm |

g B & '?"-




serd bg/f) na hipotese felta que a contagen de fundo de quintuplas bgy

e que a frequeneia total de quadruplas com gazolina tb nio‘ depen=
dem de Xe ;
| Is(x)/xh(x) & o frequencia de uma variavel estat{stica
que segue a lel binomial con erro relative \/1/1[5(:) - Ulh(z); 0
erro de BF“& seré caleulado porém como erro no quociente de va-
rifveis independentese i

"~ Caleula-ge depois com o método dos minimos quadrados
ponderados com aproxinagBes sucessivas as constantes a, by ¢y (e
 portanto L) e os seus erross _ : '

Vamom agora mostrar como se pode utilizar as quadruplas

para melhorar a precisfo com que se pode oorhecer as quintuplasy
porque-en multos casos isso & de grande interesse, A frequencia
de quintuplas f5(x) pode ser considerada como produto de dois faw
tores inde tes, a probabilidade P(x) e a frequencia total de
quadruplas £)ofN (x)/1) (x) & a melhor medida de P(x)s Ao rreduto
Hg(x)/My(x)ef, chiammmos do frequencia de quintuplas corrigidas
Notamos que o erro relative nas quintuples corrigidas é
armger = umd + 1, ¥t § o mmere totad do quadrustas
medidas), erro esse menor do qué o errc nas guintuplas wedides

g



DATA IN POISSON DISTRIBUTIONS

.

The data are n whole nymbersh«y, drawn respectively from n distribut

-
v

ions of the type
. - € ,u/y!
where gL ,the mean or e: xpected value of y can be expressed as
o Rf’ ' i

“h being a constant- saj the number of hours during which the events

1

R~ ‘;-_ﬂ;— R e . oo ~‘-‘n

were countedd ‘and a rate = rate er hou* 1f "h represent hoursk.
3 P

4 To simplify the notation, we shall not attach suffices 1,

| 2yseen to ¥, g, P , etc but will ase X only to indicate summation ,
"‘ over the.n obseryations,g etc. ! Thus'l_'Zy will denote the sum of the 1
¢ ".. n observed whole numbers. 4 ‘ |

The rate, @ , is a function of k unknown parameters, denoi
ed collectively by 9 andrlnd1v1duallv by 9,, 9 g, e . 9‘ , and of one

e T

or more exactly oboervable quantltleg %q 5%, ebc. T as yed f) is the

et per ho of particles counted after passing through x cms ~of

S —

lead we maj wioh‘to agsume that E

e - e;cp(«'fpx) | | | 4

gere @ is a fun'}Culon of tyo parameters, a(andﬁ , (P is essentially
negative) and of one e cactly ohﬁir$able %uantltj Xy the thickness of
lefd. i "
2, ﬂ*ﬂg" ﬂp:' el
) The problem is to use the data to d&nd eff*c1ent fstlnates

of the parametersi(i e estimates with the hd Hest possible precision).
g - l“
General Solution ! !

-

To determine efficient estimates, we may use the method of magimal

b likelihood, fhe lorarithm of the 501nt%§robability of the n obsery

1 ed valuea, v is y _
- " e .'f.'.' 1 14 . ‘,’x ’

ZJ].O f th + térms not con‘bainiﬂg the parameters

The maximal likelihood estimates, t(tl’tz”°?tk) are those which

maximige the logarithm of the joint probability and are therefore

the roots of k simultanecous equations of the type

QL8 = @




Tt will be convenient to denote the estimates of & by the correspond

ing latin letter t and the values of g and @ (when @ is replaced by t)

by m and r. We shall also write
. L 3;:/'3_9, for 4= 4 |
ete. . : :
and D= 3p/99, for O =t 3‘
etc.

With these conventions of notation, we have to satisfy the k equats |

ions of the type

Zvefe - Zoe

I
o

Preliminary estimates, t,#ean be found by any convenient
nethod - often by adjusting a free-hand graph to the data. These
preliminary estimates are inserted in the left-hand-sides of the
above equa?ions ehich will produce, instead of zero, small quantiws
é > €500 A

R Y

The information matrix is defined as a k x k symmetrical

e T S SR

.

matrizx, with terms of the type

2 Hejtzfa

~

R R

£
Su‘bstituting ﬁp for and the preliminary estimates for the parame=-
ters we find the estimated information matrix i

_'zﬁ"f/f’ gﬁ'ﬁrg/r"’ ‘Qﬁv‘,rs/r l |
Zk""'t/"' Zar/r ffﬁgr‘,/y {

o v
sw 9 ane “ 0o

The reciprocal of this matrix,

LT n i %
% * i) W \3,
' N | ‘{3 ‘K; (%

' supplies estimates of the variances and covariances of the errors

of the eatimates.
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We may now improve on the preliminary estimates by calcu~
lating t, + §tl ) by + 8%, etc, where

ﬂ\

JC‘ = View + vzéz + . V,é
a, W Ve *Vue + -+ Vi &

. &

)

|
f

Readers familiar with matrix notation will recognise that these cal
chhations can be expressed more simply as ¢

e LN .

/ -

8¢

The process may be repea ted starting afresh from the

b & 1mnroved eotlnates, and will converge on the maximal 11k911hood S0~
‘ lutions. It is however unnhecessary to apply the process more than

once, since the results of‘é s&ngle improvement are already effici=-

ent estimates, or, in other words, they diverge from the maximal

likelihood estimates by ‘qRantities which are negligible in compari-

son with thi standard errors.

Test of Agreement with Hypothesis

Using the improved estiﬂﬁtes wejCaléulate the estimated ‘'rates, ¥ ,
i and hence the expected numbers, m = hr. Then

ﬂf‘i:r' e " | %z = 2 {‘Y— m)'/m»} " '

( )“ with degrees of freedom ;= n-k "
©

o =‘ A ' rﬂg“ \ . ’“r . B - }»N,‘
gin; may beiused for té&ting the agreement between observatlons and
B hypothesis. ) , ¥

pi——

&
.

1 » Exponential Rate ﬁepding to Zero. 4

o TR el

3 The hypothesis is that 1

P = exp(« aﬁ!x) ; ‘ "

. # . |
‘l‘n il - b &.‘ |
b Hence ‘ A 3 9(;&%1' = a& ' ¥

p *

- B - %0/ = A | '_i
| The egquations of maximal likelihood are accordingly @
. Xy - Bn - 0 1

Zxy - Zxm ;
" and the information matrix is (3 iﬂnnﬁ _ "iﬂ

0

Ll




Example of Rate tending exponentially to Zero

In order to aveoid negative velues of the exponential we ghall take

|
* the rate in the form

f) = fEiLéﬁ::i?fQL
. - 10

|
N
' /The x may be taken as number of cms of lead multiplied by 0,4. =
¢ ",
ems % . [ 7 /n log(10y/h)
| " ok (hours) (number) Y 5
0 B2 242 1,043 2,345

- 2% 1 209 152 0,27 1,984 |
L. 5 e 411 \ied 0,588 1,768
| O 10 4 240 96 0,400 1,386
] 4 A

Wy = g5

Zxy = 1018 g ] |

From a graph of log(l0y/h) against X we obtain the preliminary esti=-

mates : : : 5
— 2,5 . 3
/ _ }?

)
]

b = —0’25

Hence

H
i

{exp(2,3 - 0,25x)8/10

£ % i
2,3 " d n |
= e & D (=hr) {
0 2,3 0,99742 232 231,40 ]
1 2,08 0,77679 209 162,35 f
2 1, Btk 0,60406 411 248,64 1
4 I ' 0,36693 240 88,063
: gn = 730,45 |
o $n = 101i,88 Zx°n = 2565,02

The maximal likelihood equations yield [
3y - Enm
Xy - Zxn

751 - 730,45

1

i

1018 -1011,88




The estimated information matrix is

Zm  2Zxm 730,45 - '1011,88 )

i/ "
Sxm 2x'm )} { 1011,88 2565,92

1l

iThe covariance matrix and the discrepancies are

: ' WY i 0,003017 4 =0,001190 0,55 = €,

v ~0,001190 ' 0,000859: ¥ 6,12 = i, !

The adjustments to be made to the preliminary estimates are found by

multiplying the colunns of the covariance matrix by the column on the

risht, ioe. v ! ) J f

Ja = (0,003017) (0,55) + (#0,001190)(6,12) = =~ 0,005B
(-0,001190)(0,55) + (0,000859)(6,12) = + 0,0046

. -

y . s l,
Hence the improved estimates are

i
1]

2+ Sa 2,5 -.0,0056 2,2924 ;

0o

]
3
O

-
b
S
o
S

b+ 8b -0,25+ 0,00486

The variance of b is estimated at 0,000859, . The estimated standard

"

exror of b is accordingly

4/0,00859 = 0,0295

Hence $ | = -0,2454 20,0285

To return to a scale of emsS., we multiply by 4/10, giving

@ =  -0,0082 2 06,0117 '

The 1imits which enclose the true value with a probability of 95% are

p

I

-0,0082 & (1,96)(0,0117)

i

'0,1211 ® e 4000000 g 0,0755

The corresponding limits for mean range are

- 1/p 0 BE (s o ks i B
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Using the improved estimates,we recalculate the rate r,
. the expected number, m = hr, and finally the 2‘2. At the same time
we may. check that Zm = Zy. A
2,0944 ' v ' (=il
s A " m F-m
A -0 Sk 5 i ¢ (=hr) y m
0 2,2944 '0,99185 232 230,10 242 0,615
1 2,0490 B AT i 209 162,19 152 0,640
g2 1,8036 0,60714 411 249,83 41 0,292 |
' s 4. 1,3128 L 0387166 240 89,20 - 96 0,518 |
: ' ‘ 'i
; by ' F51,02 Vil 73T 2,065 |
““‘_" ! 1 i e P :
i ‘ L Hence X~ = 2,088 1
A v [}
) degrees of freedom = -2 - T j

The agreement with the ﬁypothésis igysatisfatory.




Exponential Rate not tending to Zero

-

The hypothesis is that \
P = léxp(at +Bx) + }

s ¥ Thie :
' It may be noted that this isfformulation when the particles are of

two kinds ("produetion™ and "background") when the "production"
particles are absorbed by lead according to the exponential law while

the rate of "background" particles is not appreciably reduced by

the lead. If data are available from a separste experiment in
g which only  "background" particles are observed, the whole data for |

B

this experiment are included with x, formally, equal to infinity. |

We have " 2
B =T ~ i

S - = 8e/Pp - xp bt '
o - Oy - 1

The maximal likelihood equations are accordingly

e - ®n i, = 0
Zxy - Zxm = 0
/2 it Wes 10

and the information matrix is \ . |
Zmn Sxm. Sh , .1

() o @ Ot T
Lh Sxh 2h/rH

4

Sum o o Exponenti |
‘Two serles of observaetionsg are made: in the flrut only the - {
fﬁ' "background" particles are counted, 'their true rate being glven by

e

7

}d : | P = exp(e *@x)

¢ " In the second, both "background" and "productién” particles are
g counted, their combined rates being f!*}b', where

A o
B 4

o, T g gt Ry R

il

exp( als p’x)
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The derivatives are

ayh/Qx b Y
Y%e/28

i
&
b

<

/| ' ’
3()/ - T e
’ ’
derep! = . xp
p The equations of maiimal likelihood are therefore

.

2'?%%9’ ;- ;E”‘ - . ()'

;xz" :
‘ v rer’ e me S O ;

i gk

Yyr IO W : 4
2y I - e @
T o .
Xyr s 5 V4 i oy
Zr-o-r’ ' me " w
P dh 'y
It is noted that.in the first series, ‘ .
rer! it L :
hile " - | |
: :’ . P’ and m' are both zero.

‘%fﬁence’in the third dnd fourth equations, summation takes place only
over the second series.

The information matrix is







§

T e i I’,T = B SR -
i : ! '

> !ivr|0|»| IO -—rd
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